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\Woave Eq,uarl‘i oNE

V’E — ,uea2 =0 (MC(XW&N)

el =
ColyHon:

E = E,ue'“'=Fm)

Eo is the amplitude of the wave.
w is the frequency.
k is the wavevector with a propagation
constant k = |k|; w is perpendicular to
the direction of propagation.

JE”WY D‘F o \/\/O’VC/:

» The time-averaged energy flux
(Poynting's theorem) is

1 2 k 2
= —|F, = —|FE
S 27}' ol us3 2wu| |

» The time-averaged energy density is

1 1
U = 5€|E'0|2 = §E|E|2

» The magnitude of the wavevector is

= |k| = w/pe
» The phase velocity is:
1 1

a \//,LE N ’n\/,u()E()

where n is the index of refraction.

,_ v
-k

» The wavelength in the material is:

27
N = ==
k

Reflections at Dielectric Interfaces

» Consider the plane wave FE, normally

incident on a dielectric interface:

E {tE
—_— —
D ——

re

ny | N2

» The transmission coefficient, ¢, is

277,1
ny + no

t1o =

» Note that if light was originating in

the n2 medium, the reflection
coefficient would be of opposite sign,
i.e. r21 = —Ti12.

The power reflection coefficient is

R =12

The power transmission coefficient is
T = tiator.

Conservation of energy tells us that

T+R=1
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» The Fabry-perot etalon is the
most basic optical resonator. It
consists of a plane-parallel
plate of thickness [ and index n
that is immersed in a medium
of index n’.

» r = reflection coefficient for
waves from n’ toward n.

» ' = reflection coefficient for
waves from n toward n’.

» ¢, t' = transmission coefficients

» Assume normal incidence,
0=0
» Round-trip phase shift:

5:k:A:—277’n-2l
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Vp (Phoce velocity)
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Fabry-Perot Model - Multiple Beam Interference

Light is incident from the top, F;, transmitted through bottom, E;.

E. E Er Ett'r'e® Ett' ()™  Euw'()e™

]
h Sum

5 2. id s . 5 oS s i 038
EElttlelz Elt'r‘/zf/BZQ PLO Eitrl-it/el.z 6126 Eit/r/()t/el 2 6L3(5

We can express the transmitted field as:

ZE, = Ejtt'ei? +Eitt’(r')26iéei% +E¢tt’(’r")4ei25ei% —}—Eitt'('r’)(;ei%ei% +...

-BD-H’I Coms ‘,‘C/“ VAN \/\/Lm'/‘ (o>meSs OU‘F (RO""")
rc/‘FIL,C—'Hon C{r)c[ TVOMZM;SS;U/; Compoﬂmk>

- % e dhe “founA“‘I"‘?F" FLM’c/ le@/\ge_/

The transmitted field, E;, simplifies to:

E, =E;tt'¢'%/2 [1 + ()2 4 (1)t 4 }
tt/ei5/2
[ Tpi6/2

] (infinite geometric series)

—IE,

No mirvors —> R=0
l0oss Reflectty = R=]

The normalized transmission is:

& T€i5/2

Ez‘ N 11— ]{62.‘5

And theipower transmitted (light intensity): TronemiSsion

I, EEf T2 (1—- R)?

I,  EEf (1—Re?)(1—Re ) |(1—-R)2+4Rsin’(§/2)




Resonance (Light goce ctraight theoah )

> When sin?(6/2) =0 — ,/I; =1 —> Resenance Condition
(i.e. all of the light is transmitted — no reflection).
> Since sin?(§/2) is periodic, there are many solutions which yield

100% transmission. These wavelengths are the Fabry-Perot modes,
or Fabry-Perot resonant frequencies.

» This occurs for sin®(§/2) =0 — §/2 = mm =|——, (m = 1,2,3...)

» The solutions are \,,, or in frequency, v,, = =
Am 2nl

> As we will see later laser will oscillate at one of these wavelengths

TI‘ngmeSIOA VC, MOJ‘-' P’0+: -+
"o‘!gl Mo.:\e,l S— = Og-_> 2
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Transmission

0 0.5 1 15 2 25
d/2n (Mode m=1,2,3.... )
» (R=0.3)

» The free spectral range (FSR) is the spacing between adjacent
modes of the filter, and is:

C

2nl

‘Lo:g RC/SO/M‘]'O’—) pe.aks ae %tvq,ac,A C’ose, foye)]‘/\z_/
e L VAV

1
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Transmission
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1.555 1.56 1.565 1.57 1.575 1.58
Wavelength [um]

» The linewidth (A/\%) of the resonator is defined as the full-width
half-max (FWHM) of the transmission spectrum:

A)\% =X — A\

> (R=0.6)



Transmission

» The linewidth of the resonator changes with the reflection coefficient
» A larger reflection leads to a narrower linewidth

Fabry-Perot Model - Reflection

The reflected field, E,., simplifies to:

E, =E;r + Eitt'r’e® 1+ (r')2e™ + (1) + ]

tt/ /.10 ) )
=FE; _r + T= (:,/6)2ez'5] (infinite geometric series)
[ Tre®
=E; |r— ———|, r=-r
- 1- Rew]

The normalized reflection is:

E. Tre®  r(l—e®)

E; T_l—Rei‘S_ 1 — Re®

And the power reflected (light intensity): Reflection

I, EEf 4R sin’(6/2)

I;  EEr |(1—R)2+4Rsin?(6/2)




Fabry-Perot Model - with Loss Power

If we consider loss in the cavity, where the per-pass intensity gain (or
loss) is

A= CL2 — e—ozl
and the per-pass field amplitude gain (or loss) is

E‘CL LF’ o
—21

The transmitted field, E;, becomes:

E, =E;tt'ae®/? [1+ (ar’)?e™ + (ar') e + o]

[ tt'ae™/? . o
=F; 1= (ar’)ze""s} (infinite geometric series)
_E, i Taei5/2'
|1 — RAe™
The normalized power transmitted (light intensity) is: Tro-gmissior W /Lo
Iy  EEy (1—- R)*A

I;  E;Ef |(1—AR)?+4ARsin%(5/2)

1 m —A=1 ||
W/legs | A=0.9]]
_ 08 s demono | =" AS05
% in TrentmitSion = ==A=0.1
@2 0.6
£ Ad, p
: ¥
g 0.41 S X line width bigger
AS, ; 5 = @ Factor it Lowe,
0.2}
8.5 1 1.5

» Transmission spectrum amplitude decreases with increasing losses.
» Linewidth broadens.
» R=0.8
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Transmission, Reflection

9.5

» Reflection spectrum dip decreases with increasing losses.
» R=0.8

_lﬁg (wl\ub c‘loe/g it Cane *@m)f

— Matesial absorbtion of light
~ Trerace Width of woveguide —> Better Q Fcfo-

Fabry-Perot - Linewidth
» The full-width half-max linewidth is found by finding the half-powetr

point, 6%:
T(51) = ~T(0
(63) = 5T(0)
(1 - R)*A 1(1—-R)?A
01 9 (1 _ 2
(1- AR)? + 4ARsin?(%) 21— AR)

2 2VAR VAR
The FWHM is:
A&::%l:21_AR
I NG
since: § = 2—Wn2l = wn2l
A c
Aw :21—ARC Ay — 1— AR ¢

2 VAR 2nl’ 3 VAR 2nl




Fabry-Perot Model - Finesse
—A meeoSure o{ “M,-\,Jii'nl comr.zfe/i ‘{D ‘Hm, QPO:&;/?S o-ﬁ *H'u_ ng,eJ

e: the QWPVIMS of the fc,fvm“‘or

» The finesse (F) of a resonator is defined as the ratio of the FSR to
resonance linewidth:
_ FSR  Av
AN Ay
2 2

J__'

_c
_ 2nl
~ 1-AR ¢

/AR 2nl
™ AR
1—- AR

» This is a measure of the sharpness of a resonance relative to the
mode spacing.

Fabry-Perot Model - Q (Quality Factor)

» The resonator Quality factor, (), is a measure of the sharpness of the
filter relative to the central frequency, and defined as (£ is stored

energy):

€
TIrT

» Note: This expression works very well to estimate Q from FDTD
simulations. (Plot the intensity versus time.)

Q

» For this, we need to calculate the total losses, both from the mirrors
and propagation losses (absorption, scattering).

» Per-pass intensity loss = 1 — AR
» Distributed total loss, per unit length, a;::

Atot = AR = e_alR = e—awtl

1
Qtor = — —In R

[

T ann -



Fabry-Perot Model - Photon Lifetime

» Total loss in cavity = Mirror loss + absorption, ot = @y + .
» The loss aior [em 1] describes the loss over distance,

P(z) = P(0)e =

» However, we would like to model the time behaviour of a resonator,

dP B dP dz
dt  dz dt
dP dz c
— = —O4o P, .
dz Gtot L' dt n
dP P
multiplying, get — = — atotPE = —— = Rioss
dt n Tp

where 7, = [(a + a) €] ~ is the photon lifetime
(1 / Rate of photon decay = average time spent in the cavity)

Q: Calculate the photon lifetime for aior = 1Ocm_1, n = 3.

Fabry-Perot Model - Q

» The decay of the energy in the cavity is:

a _ &
dt Tp
» So Qis:
Q=w—t =wr
—Yagjar L
» Q is also defined as:
Q- W
N Aw%

» The two definitions give equal results for “small-enough” losses, i.e.

large Q values. This occurs when —In R ~ %.

» The field decays to 1/e in time Tp. Thus, Q is the number of optical
field oscillations before the field decays to 1/e.



» Finesse:
™ AR
1— AR

» This can be related to the total loss «¢ via In R.

F =

s
F =~ —

al

» We can find the field decaying to 1/e when:

1 _
—26_126 al2N

€

where N is the number of round trips in the resonator.

T F
—al2N = -1, —=2N =1, N = —
@ TF ' o

» Hence, finesse/2m describes the average number of oscillations the
field lives in the cavity.

Fabry-Perot Laser

» A laser is constructed using a Fabry-Perot cavity.
» For each pass in the cavity, the field is modified (phase and
amplitude) by the factor xr/e= .

iPump ’ Chonges K —> k'

Misvor, L Ma’f/oq
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» The propagation constant is modified by providing optical gain.

Y Nes

E =k+ Ak - — 1=
+ +z2 5

Gain Logs

where

» [k is the original propagation constant

» Ak is the change in propagation constant (due to active atoms)

> ~ is the optical gain why factor of 17

» « is the optical loss

» Note: All these parameters are wavelength dependant. Optical gain,

v(\), is typically approximately a Gaussian function, with a
bandwidth of ~ 100nm in semiconductors.

» Similar to an RF oscillator, a laser will begin to oscillate when the
round-trip provides unity gain.

» From the diagram, the round trip gain is:
(two reflections, and a path length of 21)

(T/)2e—z'lc’2l —1
r2oi(k+Ak+ig—ig)2l _q

r2o—i(k+AR)20 (3 -5)20 _q

» The real part is: r2e(%_%)2l = 1. This is the amplitude condition,
where the field returns with the same amplitude after a round trip.

» The imaginary part is: e “(*+2k)20 —4  This is the phase condition,

where the field must return with the same phase (or a multiple of
27). 2mm = (k+ Ak)2l, (m=1,2,3...)



| aser Threshold

» The amplitude condition can be solved to provide the minimum gain
required for the laser to operate. This is called the threshold gain, ~;.

7'2@(%_%)% =1, R =12

In(R) + (% - %) 2l =1

1
Yt =G — 7 h’l(R)

gain = loss
» Thus, the laser will “turn on” only when the gain, v, > Y

hits
E-Field

Mmdlvor

Summary

The optical cavity (e.g. Fabry-Perot) is important for lasers because:
» The cavity modes determine the possible lasing wavelengths

» The cavity losses (mirror loss, internal losses) determine the laser
threshold



